The classical treatment based on the angular momentum mapping Hamiltonian (CAMH) was employed to describe the nonadiabatic dynamics. Here the site-exciton models were selected as typical examples, and the performance of the CAMH dynamical results were evaluated with respect to those of the accurate Multilayer Multiconfigurational Time-Dependent Hartree (ML-MCTDH) quantum dynamics. For the symmetric site-exciton models, the CAMH method gives the very nice description on the time-dependent population dynamics for the slow-bath models, which indicates that the CAMH method may be an interesting and potential dynamical approach in the description of the nonadiabatic dynamics. For asymmetric site-exciton models, the deviation between two dynamics methods is observed. By adding the "zero point" (ZP) correction into the electronic degrees of freedom in the CAMH dynamics, the long-time asymptotic limit can be recovered. Besides the ZP correction for the "electronic" mapping angular momenta, the introduction of the so-called adiabatic renormalization to build the reduced Hamiltonian for the fast-bath modes significantly improves the performance of the CAMH dynamics.
I. INTRODUCTION
The simulation of nonadiabatic processes in large complex systems is challenging due to the breakdown of the Born-Oppenheimer approximation and the involvement of the large number of degrees of freedom. [1] [2] [3] Several advanced dynamical approaches, such as full quantum dynamics methods, 4, 5 Gaussian-wavepacket based dynamics [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] and rigorous semiclassical dynamics methods 1, 2, [16] [17] [18] [19] , are computationally expensive.
Although a few of the practical methods such as Ehrenfest dynamics 20 (or its extension 21 ) and trajectory surface hopping methods 16, [22] [23] [24] [25] [26] [27] [28] are popular due to their computational efficiency, their deficiencies are also well known 16, 24, 25, [29] [30] [31] [32] Meyer and Miller 33 suggested that it is possible to construct a mapping
Hamiltonian in the description of nonadiabatic dynamics. Later on this idea was further re-examined by Stock and Thoss 34 using Schwinger's transformation. In a short word, the MM (Meyer-Miller) mapping model construct a mapping protocol from N discrete quantum states to N coupled harmonic oscillators. Previous works showed that it is possible to employ the mapping Hamiltonian in the treatment of the nonadiabatic dynamics 16, 17, [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] Among them, the classical treatment of nonadiabatic dynamics based on the MM mapping Hamiltonian model was rather attractive due to its simple implementation, 46 -57 which in principle shows the similar computational efficiency comparable with Ehrenfest and surface-hopping dynamics. It is also highly recommended to include zero-point (ZP) correction [55] [56] [57] for the electronic mapping degrees of freedom in the classical treatment based on the MM mapping model.
Recently Miller and coworkers proposed the symmetrical quasi-classical dynamics 4 method based on the MM mapping Hamiltonian (MM-SQC) [58] [59] [60] . This method received considerable attentions 58, [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] [72] due to its good performance in both efficiency and accuracy in the treatments of several typical nonadiabatic systems. Recently, the several MM-SQC related techniques 66, [73] [74] [75] [76] [77] [78] , such as triangle windowing technique for weaknonadiabatic-coupling cases 66 , modified MMST-SQC method for systems with anharmonicity 74 , multi-state trajectory approach 75, 76 and so on, were developed.
Miller and coworkers once pointed out that it is also possible to construct the mapping models by other ways 47, [79] [80] [81] . For instance, it is possible to construct the spin mapping by the employment of the angular momentum. 80 For the many-electron
Hamiltonian of the fermion systems, its second quantization form with the creation/annihilation operators gives the mapping Hamiltonian by derivation. 79, 82 Recently, Liu 83 proposed a unified theoretical framework to derive the mapping model, in which the creation/annihilation operators were introduced and their commutation/anti-commutation relations were derived in a rather rigorous way. Based on these basic relations, several mapping models can be derived by the consideration of various physical variables. For example, an angular momentum model (Model I in Ref 83 ) can be formed by applying an analogy with the classical angular momentum.
The z-axis component of a quantum angular momentum is mapped to its classical counterpart expressed by spatial coordinates and momenta in x-and y-axes. This angular momentum model resembles the second-quantized many-electron Hamiltonian for fermion systems 79, 82 and the isomorphism between these two approaches was discussed by Liu 84 . The MM model can also be derived within this framework. It is very interesting to perform the further investigation of the recently-developed mapping approaches proposed by Liu 83 . For instance, it may be useful to check the nonadiabatic dynamics based on different mapping Hamiltonian models to evaluate their performance. Particularly, Liu pointed out that it is rather rigorous to construct the mapping by considering classical angular momentum (Model I in Liu's work 83 ), resulting in the so-called angular momentum (AM) mapping Hamiltonian in the dynamics simulation. Along this idea, we tried to combine the classical treatment and the AM mapping Hamiltonian, labeled as CAMH method, and study the nonadiabatic dynamics. To start the evaluation of the CAMH performance, we decide to mainly focus on the site-exciton models, which are widely used in the description of photoinduced exciton dynamics in biological and material systems. In fact, the current work can be viewed as the extension of our recent work 85 , which focuses on the performance of the SQC-MM method. We took several site-exciton models from this work and still used the ML-MCTDH results as the benchmark. We carefully evaluate the efficiency and accuracy of the CAMH method in several models with different bath characteristic frequencies and vibronic couplings in a wide range. This work definitely improves our understanding of the CAMH method in the treatment of the nonadiabatic dynamics.
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II. THEORETICAL METHODOLOGY
A. Hamiltonian
The site-exciton models were widely used to describe the photoinduced excitonic processes 68, [85] [86] [87] [88] [89] . In this paper we took several site-exciton models from our recent work 85 , which represent two localized electronic states (system) coupled to many vibrational modes (bath). The system−bath Hamiltonian H reads ,
where denotes the system Hamiltonian (electronic part), is the bath part (vibrational part) and defines the system−bath couplings (electronic-phonon interaction). The system Hamiltonian is , 
where is the bath-mode number. and stands for the momentum and position of the j-th vibrational mode in the kth bath coupled with the kth electronic state.
is the frequency the corresponding mode. And the electronic-phonon interaction Hamiltonian is
And is the system-bath coupling constant of the corresponding mode in the diagonal elements of the system Hamiltonian. The off-diagonal elements in the system
Hamiltonian does not depends on the system−bath couplings.
The continuous Debye-type spectral density 3 was employed to represent the bath, ,
where c  denotes the characteristic frequency of the bath and is the reorganization energy. The spectral density can also be defined by using many discrete bath modes
where the electron-phonon coupling is .
with the sampling interval .
Similar to previous work 85 , we chose 100 modes to make such discretization.
Because this confirms that the same Hamiltonian was employed in both ML-MCTDH and CAMH dynamics, whether the current discretization is enough to reproduce the bath behavior or not is beyond the current purpose of this work.
In our previous work 85 , we took a rather simple approach to characterize electron- 
B. Angular-Momentum-Mapping-Hamiltonian-based Classical Method
The Hamiltonian operator of the N-state system is expressed as ,
where (or ) is the n-th (or m-th) quantum state of the system. The diagonal element of include the nuclear kinetic energy and potential energy on the n-th electronic state, while the off-diagonal element denotes the interstate couplings between the n-th and m-th states.
The bra-ket form is given by a pair of creation and annihilation operators .
Three angular momentum operators are defined as .
The commutation relation between them is ,
where the Levi-Civita symbol is equal to 1 for cyclic permutations of xyz, -1 for anti-cyclic permutations, and 0 for a = b. Considering Eqs. (10), (11) and (12) 
where and . Finally the mapping Hamiltonian becomes .
In principle, the mapping Hamiltonian can be combined with different dynamics method. The simplest way is to combine it with the classical dynamics.
The electronic population of the n-th state can be obtained by averaging quantum occupation number nn over all trajectories.
where the bracket traj ... refers that the average is taken over all trajectories.
If the dynamics starts from the state n , the occupaiton number of initial state n is 1 and those of all other states are 0, ( ) 
For the electronic mapping variables, the initial condition is constructed based on the 
The current site-exciton models include two electronic states (donor and acceptor states) 68, 85 , and each electronic state is coupled to an individual bath. With the Condon approximation the initial condition is generated by putting the lowest vibrational level of the ground electronic state into the donor state.
Previous works have pointed out that the ZPE correction on the electronic mapping degrees of freedom significantly improves the accuracy of the quasiclassical dynamics based on the MM Hamiltonian 55, 56 . Thus, we also naively introduced the similar "zero point" (ZP) correction to the mapping variables in the CAMH method by
where  is the ZP correction parameter. We have to admit that the current inclusion of the  parameter is an empirical idea, while this simple approach improves the behavior of the CAMH in some situations, see below section. The more rigorous justification of this empirical approach is still challenging. The corresponding initial sampling becomes 
when the initial state is the n-th state.
In the CAMH calculations, the initial sampling of the electronic degrees of freedom with and without ZP correction was carried out as described above. For the nuclear part, Wigner sampling was used for initial sampling. A symplectic algorithm 83 is employed to propagate electronic part and nuclear part of a trajectory. For nuclear part, the symplectic algorithm is equivilent to the velocity verlet algorithm 90 . The electronic integration time step is 0.001 fs and the nuclear one 0.01 fs. For each model, 5000 trajectories were used in the calculation.
C. ML-MCTDH
The MCTDH method 4 and its extension ML-MCTDH method 5, 91, 92 are numerically accurate full quantum dynamics methods. The discussions on their theoretical frameworks and simulation tricks can be found in previous works. 5, 86, 89, [91] [92] [93] [94] Similar to our previous work 85 , we employed it to benchmark the accuracy of the CAMH dynamics. The Heidelberg MCTDH package 95 was used to perform the ML-MCTDH calculations.
D. Adiabatic Renormalization
In the "adiabatic renormalization" approach 85, [96] [97] [98] [99] [100] [101] [102] 
where 12 V is the original electronic coupling and 12 V  is the rescaled inter-state coupling. 
III. RESULTS AND DISCUSSION
In order to test the accuracy and efficiency of the CAMH method, different site-13 exciton models were considered, which were also employed in our previous work to test the accuracy of the MM-SQC dynamics 85 . Thus, we do not repeat the detailed discussion on the general dynamics features of these models and the interested readers may refer to our previous work 85 .
A. Symmetric site-exciton model
First of all, the first set of models represent the symmetric site exciton models with E  = 0 and 12 V = 0.0124 eV, which displays the Rabi oscillation frequency ~200 cm and even to 200 cm -1 ), the CAMH dynamics method give results the same as the ML-MCTDH ones 85 , no matter whether the system-bath coupling is weak or strong.
According to the time scale of the bath motion and system motion, we know that the current situations belong to the adiabatic and intermediate bath region 103 . In this situation, we expect that the bath behaves more "classical". This may be one of the reasons why the CAMH method gives the satisfied results.
When the bath displays the high characteristic frequency ( c  = 500 cm -1 , 1000 cm -1 ), two dynamics methods, CAMH and ML-MCTDH 85 , still give the very similar results 14 in the cases with weak system-bath couplings. However, we observe that the damping of the coherent motion becomes faster in the CAMH dynamics when the characteristic frequency of the bath is rather high or the system-bath coupling becomes rather strong.
In fact, the problem in the CAMH dynamics happens here is strongly relevant to the improper treatment of the fast bath modes with pure classical dynamics. Red dashed lines denote the CAMH results.
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B Asymmetric site-exciton model
In this section, several asymmetric site-exciton models with E  = 12 V = 0.0124 eV were built to test the performance of CAMH method. In these models, the Rabi frequency of the pure two-level system is 224 cm -1 . Similarly, the characteristic frequency of the bath was set from 40 cm -1 to 1000 cm -1 and the effective system-bath coupling strength eff c  was set from 0.3 to 1.0. In these asymmetric models, the difference between the CAMH dynamics and ML-MCTDH dynamics 85 becomes obvious, as shown in Fig. 3 . reach to stable status. Second, in the slow bath situations, the population oscillation pattern seems to be well reproduced by the CAMH dynamics method, although the asymptotic limit is not correct. Third, in the fast bath situation, the CAMH dynamics method may still give the reasonable description on the short-time dynamics in the weak system-bath coupling cases, even if the pure classical trajectories were employed to treat the high frequency modes that should be described by the quantum manner.
However, the long-time asymptotic limit is not correct. In the cases with very fast bath motion and strong system-bath coupling cases, the CAMH dynamics method becomes different to the ML-MCTDH results 85 . It is very clear that the current CAMH dynamics method works very well in the symmetric site-exciton models, while it does not give the correct long-time dynamics behavior in the asymmetric site-exciton models. We knew that the population may reach to different asymptotic limit also in the MM-QC and MM-SQC dynamics 55, 57, 67 , when different amount of the ZPE correction is added into the electronic degrees of freedom in Hamiltonian. Thus, by following a rather naive way, we just used the similar idea to add the ZP correction into the mapping electronic degrees of freedom in the current CAMH dynamics. Here we focus on the asymmetric models to examine the influence of this ZP correction on the overall population dynamics. The ZP correction parameter  = 0, 0.3 and 0.5 were considered, and  = 0 corresponds the original CAMH dynamics method. The dynamical results were shown in Fig. 3 .
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The introduction of the ZP correction to the mapping electronic degrees of freedom obviously brings the donor-state population curve down. Particular in the case of  = 0.3, the long-time asymptotic population obtained by the CAMH dynamics method reaches to a plateau value that is almost the same as that of the ML-MCTDH method in two selected examples. The larger  value,  = 0.5, brings the donor population obtained by the CAMH dynamics method lower than that of the ML-MCTDH method 85 .
Overall, such naive and empirical ZP correction approach provides a possible idea to improve the performance of the CAMH dynamics method. However, how to choose a suitable parameter and the theoretical insight of this parameter still need to be further studied.
We noticed that the ZP correction to the mapping electronic variables tends to underestimate the population oscillation in the early stage of the dynamics, when all bath modes are treated classically. In another word, this simple approach suppresses the short-time electronic coherent dynamics. Thus, further theoretical studies should be conducted to find the reasonable solution within the framework of the CAMH dynamics, which gives a balance description between short-time quantum coherence and longtime asymptotic limit in ultrafast nonadiabatic dynamics. These findings indicate that the CAMH method "in principle" works well for the siteexciton models.
However, it is very clear that the classical treatment of the high frequency bath mode is not proper. When the ZPE correction is also considered for the nuclear degrees of freedom, but the results are still not satisfactory (see Appendix). To remedy this problem, we employ the "adiabatic renormalization" approach and all details of such treatment can be found in previous works. 85, 96, [98] [99] [100] [101] [102] After the employment of the adiabatic renormalization, the ML-MCTDH dynamics results 85 here according to the above calculations in Fig. 3 . Then it is clear that when both ZP correction on the mapping electronic degrees of freedom and the adiabatic renormalization approaches are employed, the rather satisfied results can be achieved, see Fig. 4 . Overall, the CAMH method can deal with the nonadiabatic dynamics of the 22 site exciton models with current parameters very well, while the treatment of the bath modes should be careful. The similar observation was also found in the discussion of the MM-SQC method 85 .
IV. CONCLUSIONS
In this paper, we evaluated the performance of the quasi-classical dynamics method based on the angular momentum mapping Hamiltonian (CAMH) in the treatment of the nonadiabatic dynamics. Here several site-exciton model systems with different parameters, such as energy gap, the bath characteristic frequency and vibronic coupling in a wide range, were built to evaluate the efficiency and accuracy of the CAMH dynamics method.
For the symmetric models, the CAMH method gives the very nice description on the population dynamics in general. Two dynamics methods may give different results when the characteristic frequency of the bath is extremely high or the vibronic coupling is very strong. The deviation is relevant to the improper treatment of the fast bath modes by the classical manner.
However, for the asymmetric site-exciton models, the CAMH method fails to reproduce the ML-MCTDH results 85 . Even if the oscillation patterns in the population decay can be captured by the CAMH method, the long-time asymptotical limit for the stable population is not correct. This strongly implies that the simple combination of classical treatment and the CAMH method is still not a satisfied method. By simply 23 adding the ZP correction into the electronic degrees of freedom in the CAMH dynamics, we show that the long-time asymptotical limit can be recovered. This shows the possibility to improve the behavior of the CAMH dynamics.
It is quite clear that the CAMH dynamics behaves very well in the site-exciton models with slow bath motion, when all degrees of freedom are treated classically. The CAMH dynamics may not give satisfied results, when the fast bath modes are treated by the simple classical dynamics. In this case, it is possible to introduce the so-called "adiabatic renormalization" approach to redefine a new effective Hamiltonian that only includes all low-frequency modes and displays the rescaled diabatic interstate couplings.
Then the CAMH dynamics based on this effective Hamiltonian can give the reasonable dynamics results.
As an alternative choice for the MM mapping, the angular momentum mapping is an interesting and potential idea very useful in the description of the nonadiabatic dynamics, while the further efforts should be made to combine it with other novel dynamics approaches for its board application in more realistic situations.
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